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Abstract This paper establishes the velocity ﬁeld and the adequate shear stress corresponding to the
motion of an Oldroyd-B ﬂuid between two inﬁnite coaxial circular cylinders by means of ﬁnite Hankel
transforms. The ﬂow of the ﬂuid is produced by the inner cylinder which applies a time-dependent
longitudinal shear stress to the ﬂuid. The exact analytical solutions, presented in series form in
terms of Bessel functions, satisfy all imposed initial and boundary conditions. The general solutions
can be easily specialized to give similar solutions for Maxwell, second grade and Newtonian ﬂuids
performing the same motion. Finally, some characteristics of the motion as well as the inﬂuence of
the material parameters on the behavior of the ﬂuid motion are graphically illustrated. c© 2012 The
Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1201201]
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In recent years, the interest for non-Newtonian ﬂuid
ﬂows has considerably increased and many exact solu-
tions have been obtained.1–5 Obtaining the exact so-
lutions for the equations of motion of non-Newtonian
ﬂuids, as well as for the Navier-Stokes ﬂuids, is very
important for many reasons. They provide a standard
for checking the accuracies of many approximate meth-
ods which can be numerical or empirical. Although the
computer techniques make the complete integration of
the equations of motion of these ﬂuids feasible, the ac-
curacy of the results can be established only by com-
parison with an exact solution.6 The exact solutions
can also be used as tests to verify numerical schemes
which are developed to study more complex unsteady
ﬂow problems.
The inadequacy of the Navier-Stokes theory in de-
scribing rheologically complex ﬂuids used in industrial
processing, such as polymer solutions, melts and paints,
has led to the formulation of other mathematical mod-
els, which are able to predict the ﬂow of such materials.
However there are many rheologically complicated ﬂu-
ids which do not show the relaxation and retardation
phenomena. For this reason, many models have been
proposed in which ﬂuids are usually classiﬁed as of dif-
ferential, rate and integral type.7 The diﬀerential and
rate type models are used to describe the response of
the ﬂuids which have slight memory such as dilute poly-
meric solutions whereas the integral models are used to
describe the response of the ﬂuids which have consider-
able memory such as polymeric melts. A large number
of non-Newtonian ﬂuid models are concerned with the
ﬂuids of grade two and three, but these ﬂuids do not
predict stress relaxation and retardation. Models of the
Maxwell, Oldroyd-B and Burgers’ ﬂuid type can pre-
dict these phenomena, and have therefore become more
popular. The Oldroyd-B ﬂuid model,8 which takes into
account elastic and memory eﬀects exhibited by most
a)Corresponding author. Email: jqrza26@yahoo.com.
polymeric and biological liquids, has been used quite
widely in many applications and the results of simu-
lations ﬁt to experimental data in a wide range.9 The
Oldroyd-B ﬂuids belong to the class of rate type ﬂuid
models.10–18
Generally, there exist three kinds of boundary value
problems: (1) when the velocity is given on the bound-
ary; (2) when the shear stress is given on the boundary
and (3) mixed boundary value problems. For the appli-
cations point of view, all three types of boundary value
problems are of interest. Unfortunately, there are few
exact solutions corresponding to the cases 2 and 3. In
this paper, we tried to solve a motion problem in which
the velocity is given on a part of the boundary and the
shear stress on the other part. The ﬁrst exact solutions
for motions of non-Newtonian ﬂuids due to a given shear
stress on the boundary are those of Refs. 19–21 over an
inﬁnite plate and Ref. 22 in cylindrical domains.
Axial ﬂow in an annulus between a rotating inner
cylinder and a ﬁxed outer cylinder has several important
engineering applications including journal bearings, bio-
logical separation devices, rotating machinery, desalina-
tion to magnetohydrodynamics and also in viscosimetric
analysis.23 This paper studies exact analytical solutions
corresponding to the longitudinal ﬂow of an Oldroyd-B
ﬂuid between two inﬁnite coaxial circular cylinders. In
order to produce the ﬂow of ﬂuid, the boundary of in-
ner cylinder is applied a time-dependent longitudinal
shear stress. The general solutions, obtained by means
of ﬁnite Hankel transforms and presented in series form
in terms of Bessel functions J0(·), J1(·), Y0(·) and Y1(·),
satisfy all the imposed initial and boundary conditions.
Moreover, they can be easily specialized to give similar
solutions for Maxwell, second grade and Newtonian ﬂu-
ids performing the same motion. Finally, the inﬂuence
of material parameters on the velocity proﬁle as well as
shear stress is graphically underlined and discussed by
graphical illustrations.
The Cauchy stress T in an incompressible Oldroyd-
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B ﬂuid is given by13–18
T = −pI + S,
S + λ(S˙ −LS − SLT) =
μ[A+ λr(A˙−LA−ALT)], (1)
where −pI denotes the indeterminate spherical stress
due to the constraint of incompressibility, S is the extra-
stress tensor, L is the velocity gradient, A = L + LT
is the ﬁrst Rivlin Ericsen tensor, μ is the dynamic vis-
cosity of the ﬂuid, λ and λr are relaxation and retarda-
tion times respectively, the superscript T indicates the
transpose operation and the superposed dot indicates
the material time derivative. The model characterized
by the constitutive equation (1) contains as special cases
the upper-convected Maxwell model for λr → 0 and the
Newtonian ﬂuid model for λr → 0 and λ → 0. In some
special ﬂows, as those to be considered here, the govern-
ing equations for an Oldroyd-B ﬂuid resemble those for
a ﬂuid of second grade. For the problem under consider-
ation we shall assume a velocity ﬁeld and an extra-stress
of the form
V = V (r, t) = v(r, t)ez, S = S(r, t), (2)
where ez is the unit vector in the z-direction of the
system of cylindrical coordinates r, θ and z. For such
ﬂows the constraint of incompressibility is automatically
satisﬁed. If the ﬂuid is at rest up to the moment t = 0,
then
V (r, 0) = 0, S(r, 0) = 0, (3)
and Eqs. (1) and (2) imply Srr = Srθ = Sθz = Sθθ = 0.
In the absence of body forces and a pressure gra-
dient in the axial direction, the balance of linear mo-
mentum and the constitutive equation (1) leads to the
relevant equations(
1 + λ
∂
∂t
)
τ(r, t) = μ
(
1 + λr
∂
∂t
)
∂v(r, t)
∂r
,
ρ
∂v(r, t)
∂t
=
(
∂
∂r
+
1
r
)
τ(r, t), (4)
where ρ is the constant density of the ﬂuid and τ = Srz
is the shear stress which is diﬀerent from zero.
Eliminating τ between two equations in Eq. (4), we
obtain the governing equation
λ
∂2v(r, t)
∂t2
+
∂v(r, t)
∂t
=(
ν + α
∂
∂t
)(
∂2
∂r2
+
1
r
∂
∂r
)
v(r, t), (5)
where α = νλr and ν = μ/ρ is the kinematic viscosity
of the ﬂuid.
Suppose that an incompressible Oldroyd-B ﬂuid at
rest is situated between two inﬁnite coaxial circular
cylinders of radii R1 and R2(> R1). At time t = 0
+,
a time-dependent longitudinal shear stress is applied
along the inner cylinder boundary and has the form
τ(R1, t) = f
[
(t− λ)2 + λ2(1− 2e− tλ )
]
, t > 0, (6)
where f is a constant, while the outer one is held
ﬁxed. Due to the shear, the ﬂuid between cylin-
ders is gradually moved, its velocity is of the form
of the ﬁrst equation in Eq. (2). The governing
equations are given by ﬁrst equation in Eqs. (4) and
(5), the appropriate initial and boundary conditions are
v(r, 0) =
∂v(r, 0)
∂t
= 0,
τ(r, 0) = 0 ; r ∈ [R1, R2] , (7)
(
1 + λ
∂
∂t
)
τ(r, t)
∣∣∣∣
r=R1
=
μ
(
1 + λr
∂
∂t
)
∂v(r, t)
∂r
∣∣∣∣
r=R1
= ft2; t > 0, (8a)
and
v(R2, t) = 0; t ≥ 0 . (8b)
Of course, τ(R1, t) given by Eq. (6) is just the solution
of the ﬁrst diﬀerential equation in Eq. (8a). In order
to solve this problem, we shall use the ﬁnite Hankel
transforms.
Let vH(t) be the ﬁnite Hankel transform of the func-
tion v(r, t) deﬁned by Refs. 2, 24, 25
vH(rn, t) =
∫ R2
R1
rv(r, t)B(r, rn)dr,
n = 1, 2, 3, · · · , (9)
where
B(r, rn) = J0(rrn)Y1(R1rn)− J1(R1rn)Y0(rrn) ,
with rn being the positive roots of the transcendental
equation B(R2, r) = 0, Jp(·) and Yp(·) are Bessel func-
tions of the ﬁrst and second kind of order p . Further-
more, the inverse Hankel transform is2,24,25
v(r, t) =
π2
2
∞∑
n=1
r2nJ
2
0 (R2rn)B(r, rn)
J21 (R1rn)− J20 (R2rn)
·
vH(rn, t), (10)
Multiplying Eq. (5) by rB(r, rn), integrating the result
with respect to r from R1 to R2 and using the boundary
condition (second equation in Eq. (8a)) and the known
results (Eq. (18) in Ref. 2), we ﬁnd that
λv¨H(rn, t) + (1 + αr
2
n)v˙H(rn, t) +
νr2nvH(rn, t) =
2ft2
πρrn
, t > 0. (11)
From Eq. (7) we obtain
vH(rn, 0) = v˙H(rn, 0) = 0. (12)
The solution of the linear ordinary diﬀerential equation
(11), with the initial conditions Eq. (12), is given by
vH(t) =
4f
πμr3n
{
t2
2
− 1 + αr
2
n
νr2n
(
t− e
q2nt − eq1nt
q2n − q1n
)
+
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[
(1 + αr2n)
2
ν2r4n
− λ
νr2n
]
·(
1− q2ne
q1nt − q1neq2nt
q2n − q1n
)}
, (13)
where
q1n, q2n =
−(1 + αr2n)±
√
(1 + αr2n)
2 − 4νλr2n
2λ
.
Finally, applying the inverse Hankel transform formula
and using Eq. (27) in Ref. 2, we ﬁnd for the velocity
ﬁeld v(r, t) the simpliﬁed expression
v(r, t) =
f
μ
[
(t− λr)2 + λ2r
]
R1 ln
(
r
R2
)
−
2πf
μν
∞∑
n=1
J20 (R2rn)B(r, rn)
r3n[J
2
1 (R1rn)− J20 (R2rn)]
·
[
t+ λ− 2λr −
1
νr2n
(
1− λ2 q
3
2ne
q1nt − q31neq2nt
q2n − q1n
)]
. (14)
Solving the ﬁrst equation in Eq. (4) with respect
to τ(r, t) and taking into account the third equation in
Eq. (7), we ﬁnd that
τ(r, t) =
μ
λ
e−
t
λ
∫ t
0
e
s
λ
(
1 + λr
∂
∂s
)
∂v(r, s)
∂r
ds. (15)
Substituting Eq. (14) into Eq. (15) and using the iden-
tities
q1nq2n =
νr2n
λ
, q3nq4n =
ν(λ− λr)r2n
λ2
,
q1nq3n = −νr2n
1 + λrq1n
λ
, (16a)
q2nq4n = −νr2n
1 + λrq2n
λ
, q1nq4n =
νr2n + q1n
λ
,
q2nq3n =
νr2n + q2n
λ
, (16b)
where λq3n = 1 + λq1n and λq4n = 1 + λq2n, we ob-
tain, after lengthy but straightforward manipulations,
the suitable form for the shear stress,
τ(r, t) = f
(
R1
r
)[
(t− λ)2 + λ2(1− 2e− tλ )
]
+
2πf
ν
∞∑
n=1
J20 (R2rn)B˜(r, rn)
r2n[J
2
1 (R1rn)− J20 (R2rn)]
·
[
t− λr − 1
νr2n
(
1 + λ
q22ne
q1nt − q21neq2nt
q2n − q1n
)]
,
(17)
where
B˜(r, rn) = J1(rrn)Y1(R1rn)−
J1(R1rn)Y1(rrn). (18)
Taking the limit of Eqs. (14) and (17) as λr → 0,
we obtain the solutions corresponding to a Maxwell
ﬂuid performing the same motion.
Letting now λ → 0 in Eqs. (14) and (17), we recover
the similar solutions25
vSG(r, t) =
f
μ
[
(t− λr)2 + λ2r
]
R1 ln
(
r
R2
)
−
2πf
μν
∞∑
n=1
J20 (R2rn)B(r, rn)
r3n[J
2
1 (R1rn)− J20 (R2rn)]
·
{
t− 2λr − 1
νr2n
[
1− (1 + αr2n)2 ·
exp
(
− νr
2
nt
1 + αr2n
)]}
, (19)
τSG(r, t) = ft
2
(
R1
r
)
+
2πf
ν
∞∑
n=1
J20 (R2rn)B˜(r, rn)
r2n[J
2
1 (R1rn)− J20 (R2rn)]
·
{
t− λr − 1
νr2n
[
1− (1 + αr2n) ·
exp
(
− νr
2
nt
1 + αr2n
)]}
, (20)
which correspond to a second grade ﬂuid.
Finally, letting λ and λr → 0 in Eqs. (14) and (17)
or λr → 0 in Eqs. (19) and (20), we can obtain the
solutions for a Newtonian ﬂuid.
In this paper we have provided exact analytical so-
lutions for the velocity ﬁeld and the shear stress corre-
sponding to the longitudinal ﬂow of an Oldroyd-B ﬂuid
between two inﬁnite coaxial circular cylinders. The mo-
tion of the ﬂuid was produced by a time-dependent
longitudinal shear stress applied on the inner cylin-
der boundary, while the outer cylinder was kept at
rest. The solutions, obtained by means of ﬁnite Han-
kel transforms, were presented in series form in terms
of the Bessel functions J0(·), J1(·), Y0(·) and Y1(·). Di-
rect computations showed that they satisfy all initial
and boundary conditions. Furthermore, for λr → 0 or
λ → 0 the general solutions given by Eqs. (14) and (17)
reduce to the corresponding solutions for Maxwell ﬂu-
ids and second grade ﬂuids, respectively. The general
solutions as well as the solutions for Maxwell ﬂuids and
second grade ﬂuids can be easily specialized to give sim-
ilar solutions for Newtonian ﬂuids performing the same
motion.
In order to reveal some relevant physical aspects of
the obtained results, the velocity v(r, t) and the shear
stress proﬁles τ(r, t) given by Eqs. (14) and (17) have
been illustrated graphically for diﬀerent values of the
time t and the material parameters. As was expected,
the velocity and the shear stress in absolute value are
increasing functions of t as presented in Fig. 1.
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Fig. 1. Proﬁles of v(r, t) and τ(r, t), for R1 = 0.5, R2 = 0.9, f = −1, ν = 0.111 2, μ = 34.806, λ = 3, λr = 2 and diﬀerent
values of t.
Fig. 2. Proﬁles of v(r, t) and τ(r, t), for R1 = 0.5, R2 = 0.9, f = −1, ν = 0.111 2, μ = 34.806, λr = 2, t = 5 s, and
diﬀerent values of λ.
Fig. 3. Proﬁles of v(r, t) and τ(r, t), for R1 = 0.5, R2 = 0.9, f = −1, ν = 0.111 2, μ = 34.806, λ = 5, t = 5 s, and
diﬀerent values of λr.
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Fig. 4. Proﬁles of v(r, t) and τ(r, t), for for R1 = 0.5, R2 = 0.9, f = −1, ρ = 313, λ = 3, λr = 3, t = 5 s and diﬀerent
values of ν.
Fig. 5. Proﬁles of v(r, t) and τ(r, t), for Oldroyd-B, Maxwell and Newtonian ﬂuids, for R1 = 0.5, R2 = 0.9, f = −1, ν =
0.111 2, μ = 34.806, λ = 3, λr = 2 and t = 6 s.
Fig. 6. Proﬁles of v(r, t) and τ(r, t), for Oldroyd-B, Maxwell and Newtonian ﬂuids, for R1 = 0.5, R2 = 0.9, f = −2, ν =
0.111 2, μ = 34.806, λ = 3, λr = 2 and t = 63 s.
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The inﬂuence of the relaxation time on the ﬂuid
motion is shown in Fig. 2. It is clear that the eﬀects of
the relaxation time λ on the velocity and shear stress
proﬁles are opposite to those depicted in Fig. 1. Figures
3 and 4 show the behavior of retardation time λr and
kinematic viscosity ν on the ﬂuid motion. It is observed
that these two parameters have, as expected, similar
qualitative eﬀects on the velocity and shear stress pro-
ﬁles. The velocity v(r, t) is a decreasing function with
respect to λr and ν while the absolute value of shear
stress is an increasing one.
Finally, for comparison, the proﬁles of the velocity
and the shear stress corresponding to the four models
(Oldroyd-B, Maxwell, second grade and Newtonian) are
together depicted in Figs. 5 and 6 for the same values of
λ, λr and ν. In all these cases, the velocity is a decreas-
ing function of r while the shear stress is an increasing
function of r. From these ﬁgures it is clearly seen that
the Newtonian ﬂuid is the swiftest and the Oldroyd-B
ﬂuid is the slowest. Figure 6 highlights the fact that
for large time t the velocity as well as the shear stress
proﬁles corresponding to the Oldroyd-B ﬂuids, are tend-
ing, as expected, to those of a Newtonian ﬂuid. Con-
sequently, the non-Newtonian eﬀects disappear in time.
The units of the material parameters in Figs. 1–6 are
SI units and the roots rn have been approximated by
(2n− 1)π/[2(R2 −R1)].
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